In this paper we study spatial polygons which are closed figures composed of ordered sets of lines and their common normals. It is shown how to solve for up to six of the parameters which define a polygon's geometry, after all the other parameters are specified. It is also shown that when screws are used instead of lines, the resulting figures, called screw polygons, can be analyzed in order to determine up to twelve parameters, provided all the other parameters which define the screws and the screw polygon are known. Finally, it is pointed out that these results have many potential uses in kinematics.
INTRODUCTION
Many different problems in kinematics depend upon polygons whose elements are lines or screws. In this paper we study two different, but related, types of polygons: the "spatial polygon" and the "screw polygon."
A spatial polygon is an abstract geometric figure composed of a set of ordered lines (in three dimensional space) and their common perpendiculars. A screw polygon is composed of screws, corresponding to consecutive displacements of a rigid body, and their common normals. One constituent part of the screw polygon is the spatial polygon composed of the lines which are the axes of the screws and their perpendiculars. So a screw polygon contains the same geometric information as a spatial polygon, but it also contains kinematic displacement information.
Both a spatial and a screw polygon are described by sets of parameters, some of which are independent while the others are dependent on the independent parameters. The procedure of obtaining the dependent parameters as functions of the independent parameters is herein referred to as solving the spatial or the screw polygon. In solving the polygons two problems are defined, the direct or the inverse problem, depending on which of the parameters are to be determined. Knowing how to solve the polygons is important, since many different types of kinematics problems can be formulated in terms of spatial or screw polygons.
Spatial polygons, as geometric elements in kinematics, were first defined by Yang (1963) . Earlier, Study (1903) had briefly studied the spatial triangle, i.e., the spatial 3-gon. Roth (1967) , using a concept originated by Halphen (1882) , developed the screw triangle as a tool in kinematics to study three positions of a rigid body in space. The screw triangle concept was extended to screw polygons for the study of n positions of a rigid body (Roth, 1967 .) In Roth's work one finds the solution to what will be called in this paper the direct problem of the screw triangle. Later, Phillips and Zhang (1987) obtained the same equations by another method. Solving the direct problem in the screw polygon has been achieved by separating the screw polygon into a chain of screw triangles (Bottema and Roth, 1979.) The screw triangle and the chain of screw triangles have been applied to various problems in kinematics: for example, to the design of open-loop linkages (Tsai and Roth, 1971; Roth, 1986) , to the study of incompletely specified displacements (Tsai and Roth, 1973; Huang and Roth, 1994) and to the study of a system of screws (Huang and Chen, 1996) . However, the complexity of the equations in the solution of polygons with more than four sides, has limited the application of these methodologies.
In this paper spatial polygons and screw polygons are studied, and solutions to what will be called the direct and inverse problems are presented. The spirit of this work is to analyze the generic geometric structure of the polygons and to derive all the useful relationships between the parameters, so that for any specific application that involves an analogous geometry, the solution can be obtained as one of the cases from the generic geometry. Notable early attempts to accomplish similar goals for spatial, single-loop, closed-chain linkages can be found in the work of Chace (1965) and Duffy (1980) . The structure of this paper is as follows. The relative position of two lines in three dimensional space is described using Denavit and Hartenberg parameters and homogeneous transformations (Section 2). The spatial triangle and its dual triangle are presented, and the direct problem and the inverse problems are solved (Section 3) by a new method. This new method is extended to spatial polygons with four or more sides (Sections 4). The screw polygons are presented, a method to solve the direct problem is proposed and the inverse problem is defined (Section 5). A numerical example is shown for the screw hexagon (Section 6). Finally, a discussion is presented on the application of the spatial and screw polygons in kinematics (Section 7).
RELATIVE POSITION OF TWO LINES
In Figure 1 two lines ε i and ε j are shown. A reference system E i (O i ; x i , y i , z i ) is attached at ε i so that z i is along ε i with the positive direction arbitrarily defined, the center O i of the reference system is arbitrarily located on ε i and the orientation of the orthogonal pair x i and y i is arbitrarily chosen. Another reference system E j (O j ; x j , y j , z j ) is attached at ε j with z j being along ε j with the positive direction arbitrarily chosen, O j located at the intersection of ε j with its common perpendicular with ε i , x j is along the common perpendicular of ε i and ε j with its positive direction defined by the cross product of z i and z j , and y j is defined so that E j is an orthonormal reference system. The point of intersection of the common perpendicular with ε i is called P i . Four parameters are defined: a ij = P i O j (the distance between ε i and ε j ), d ij =(O i P i )/z i (the offset along ε i corresponding to ε j ), θ ij the angle from x i to x j and α ij the angle from z i to z j .
The four parameters a ij , α ij , θ ij , d ij , called Denavit and Hartenberg parameters, were first introduced by Denavit and Hartenberg (1955) to describe the relative positions of links and joint axes in the geometric description of mechanisms. Here they are used to describe the relative position of any line ε j in three dimensional space with respect to another line ε i . Line ε i is considered to be fixed and line ε j to be moving in space. The parameters (a ij , α ij , θ ij , d ij ), that in the rest of the paper will always be given in this order, represent the displacement parameters, of the moving line around and along the fixed line and the common perpendicular of the two lines. In this representation the first letter in the subscript indicates the fixed line, while the second letter indicates the line that is moving. These parameters depend on the reference system E i defined on ε i with the convention introduced earlier. If the reference system E i attached to ε i changes then θ ij , d ij will change appropriately.
Figure 1. Relative position of two lines
It is well known that the position and orientation of the reference system E j defined on ε j is represented with respect to E i by the 4x4 homogeneous matrix A ij :
where c ij =cos(θ ij ), s ij =sin(θ ij ), λ ij =cos(α ij ) and µ ij =sin(α ij ). The third column of A ij gives the coordinates of z j and the fourth column gives the coordinates of O j in E i . Hence, from (a ij , α ij , θ ij , d ij ), the coordinates of the direction and of a point on ε j are found, and ε j is uniquely defined in E i . Thus, the four Denavit and Hartenberg parameters uniquely determine ε j with respect to ε i .
The inverse problem, i.e. calculating the Denavit and Hartenberg parameters when two lines are given is treated in Appendix 1.
THE SPATIAL TRIANGLE 3.1 Definition and Notation
Three lines and their common perpendiculars define a spatial triangle (Yang, 1963.) In Figure 2 three lines ε 1 , ε 2 and ε 3 and their common perpendiculars u 1 , u 2 , u 3 are shown.
The notation in Figure 2 is as follows. Three lines are given and arbitrarily labeled ε 1 , ε 2 , ε 3 . The common perpendicular between lines ε i and ε i+1 is called u i . (The index i can be equal to 1, 2 or 3. If i is equal to 3 then i+1 equals 1, and if i equals 1 then i-1 equals 3.) The direction vector of line ε i is z i , and the direction vector of u i is x i . z i and x i satisfy the formulas: 
Figure 2. The spatial triangle
The spatial triangle of ε 1 , ε 2 and ε 3 and their common perpendiculars u 1 , u 2 , u 3 is the closed geometric figure O 1 P 1 O 2 P 2 O 3 P 3 O 1 . Alternatively, this spatial triangle can also be considered as being formed by lines u 1 , u 2 , u 3 and their common perpendiculars ε 1 , ε 2 and ε 3 . This representation will be called the dual representation of the spatial triangle, while the former will be called the standard representation of the spatial triangle. The spatial triangle consists of six vectors that are grouped in two sets called the "vertices" and the "sides" (Bottema and Roth, 1979.) Using the notation of Section 2, three reference systems E 1 , E 2 , E 3 , are defined for the spatial triangle, such that E i is attached at line ε i . Using the homogeneous matrices to represent the description of one reference system in the other (see Equation 1), the following closure equation can be written for the spatial triangle:
A 12 A 23 A 31 =I This matrix equation gives six independent scalar constraint equations. Therefore, only six of the twelve parameters which describe the spatial triangle are independent (this agrees with Bottema and Roth, 1979 .) The methodology for obtaining six parameters of the triangle, when the another six are defined, is called in this paper "solving the spatial triangle." There are two types of problems. The first problem, called the direct problem, consists of specifying two pairs of side parameters and the intermediate pair of vertex parameters, and then calculating the remaining one pair of side parameters and two pairs of vertex parameters. Due to the duality between vertices and sides, the method to solve this problem is the same as for the dual direct problem of specifying two pairs of vertex parameters and the intermediate pair of side parameters and then solving for the rest of the parameters. A second type of problem, called the inverse problem, is that of defining the three pairs of side parameters and then calculating the three pairs of vertex parameters. The dual inverse problem consists of defining the three vertex parameters and then calculating the three side parameters.
Direct Problem
The direct problem for the spatial triangle has been solved by Roth (1967) . Roth obtained his solution for the dual form of the direct problem while studying the three positions of a rigid body using the screw triangle. A new solution for the direct problem of the spatial triangle is presented in this section. With the new method, the same equations found by Roth are obtained. However with the new method the solution of the direct problem for spatial polygons is simplified.
Suppose that (a 12 , α 12 ), (d 23 , θ 23 ), (a 23 , α 23 ) are specified and (d 12 , θ 12 ), (a 31 , α 31 ), (d 31 , θ 31 ) are the unknowns. Reference system E 1 ' attached at line ε 1 is defined with its center at point P 1 and its x axis along x 2 . Reference system E 2 attached at line ε 2 is defined with its center at point O 2 and its x axis along x 2 . Reference system E 3 attached at ε 3 is defined with its center at point O 3 and its x axis along x 3 . The Denavit and Hartenberg parameters of ε 2 relative to ε 1 are (a 12 , α 12 , 0, 0) and those of ε 3 relative to ε 2 are (a 23 , α 23 , d 23 , θ 23 ). Using the homogeneous matrices to represent one reference system in the other (see Equation 1), the matrix A 13 represents E 3 in E 1 ' is given by the following equation:
The third column of A 13 is the vector of the coordinates of z 3 in E 1 ' and the fourth column of A 13 is the vector of coordinates of O 3 in E 1 '. For lines ε 1 and ε 3 the direction vectors and the coordinates of one point on each line are specified in reference system E 1 ': (2)- (7) Roth (1967) found. All the above expressions are valid under cyclic permutation of indices.
The spatial triangle has some interesting properties that are the spatial analogs of the same properties in planar triangles. These properties are: equality and similarity of two spatial triangles, the sine and cosine laws of a spatial triangle (Yang, 1963) , the existence of a line (called the central line of the screw triangle) that has equal distance and angle with all three vertex lines (Bottema and Roth, 1979, p. 80 ) and the existence of the hyperboloid of the spatial triangle defined by the three vertex lines of the triangle. The planar triangle analog to the central line and the hyperboloid are, respectively, the circumcenter and the circumscribed circle. (See also Blaschke (1960) ).
Equations (2)- (7) degenerate when ε 1 and ε 3 are parallel. In this case similar equations can be derived using equation (A9) instead of (A2) to obtain equations (2)-(7).
Inverse Problem
This problem consists of calculating the six vertex parameters when the six side parameters are specified. The dual inverse problem consists of finding the side parameters when the vertex parameters are specified. 
The other unknowns are obtained by cyclic permutation of indices in Equations (8) and (9). In Equations (8) and (9) it is assumed that no two lines are parallel. If two lines are parallel then a degenerate spatial triangle occurs and similar equations can be obtained.
THE SPATIAL POLYGON 4.1 Definition and Notation
In Figure 3 , n ordered lines ε i and their perpendiculars define a spatial n-gon: the closed geometric scheme O 1 P 1 O 2 P 2 ...O n P n O 1 . The same notation as in Figure 2 is used. In the spatial polygon the lines are ordered, and only the common perpendiculars between adjacent lines are drawn. As in the triangle, the n-gon consists of 2n vectors assembled in two groups: the sides and the vertices, and the principle of duality exists between sides and vertices. Two pairs of side or vertex parameters having one index in common are called adjacent (e.g. (a ij ,α ij ) and (a jk ,α jk )). In the same way as in the triangle, n reference systems E 1 , E 2 ,..., E n , are defined attached, one system at each line ε i , and the closure equation for the spatial polygon is:
A 12 A 23 .....A n1 =I 4n parameters fully describe the n-gon: 4n-6 of these parameters are independent, and six are dependent on the independent ones.
Direct and inverse problems can be defined for the spatial polygon. The standard representation of the direct problem consists of calculating two pairs of adjacent side parameters and the intermediate pair of vertex parameters when all other parameters are defined. The dual direct problem requires determining two pairs of adjacent vertex parameters and the intermediate pair of side parameters. The inverse problem consists of calculating six of the 2n vertex parameters, and the dual inverse problem is that of finding six of the 2n side parameters.
In the rest of the paper the standard representation of a spatial polygon is assumed unless it is mentioned otherwise. However it should be noted that any result for the standard description of the polygon, directly transforms to a similar result for the dual representations.
Direct Problem
Suppose that (a 12 , α 12 ), (d 23 , θ 23 ), ..., (a n-1n , α n-1n ) are specified and (d 12 , θ 12 ), (a n1 , α n1 ), (d n1 , θ n1 ) are the unknowns. Exactly as in the spatial triangle, reference system E 1 ' attached at line ε 1 is defined with its center at point P 1 and its x axis along x 2 , and for i=2,3,...n, reference system E i attached at line ε i , is defined with its center at point O i and its x axis along x i . Using the homogeneous matrix representation for adjacent reference systems, matrix A 1n that represents E n in E 1 ' is given by the following equation:
The third column of A 1n is the vector of the coordinates of z n in E 1 ' and the fourth column of A 1n is the vector of coordinates of O n in E 1 ' . Hence, for lines ε 1 and ε n their direction vectors and the coordinates of one point on each line are known in reference system E 1 ' . Using Equations (A1)-A8) in the same way as for the spatial triangle, the unknowns (d 12 , θ 12 ), (a n1 , α n1 ), (d n1 , θ n1 ) can be calculated.
Inverse Problem
The inverse problem consists of calculating six parameters of the spatial polygon that belong to m pairs of vertex parameters when the other 4n-6 parameters of the n-gon are specified. The number of pairs of vertex parameters, m, can always be taken between three and six. This is because if m is less then three, say two, then there are four instead of six parameters to determine and the problem becomes overconstrained. If m is between three and six then at each pair of vertex parameters there is at least one unknown parameter to evaluate. If m is greater than six then there are some pairs among the m where no parameter needs to be calculated and therefore there is no need to consider them. The method to solve the inverse problem of spatial polygons will be described using the spatial hexagon as an example (see Figure 4) .
Suppose that the six parameters that need to be determined belong to three pairs of vertex parameters, which are: (d 23 , θ 23 ), (d 45 , θ 45 ), (d 61 , θ 61 ). The lines of the three pairs, i.e., ε 2 , ε 4 and ε 6 form a spatial triangle where all side parameters are known (or can be calculated) and the vertex parameters need to be calculated. If the lines that form this spatial triangle are not adjacent, the side parameters of the triangle can be calculated by using other triangles. For example (a 62 , α 62 ) can be calculated solving the direct problem for the spatial triangle formed by ε 1 , ε 2 and ε 6 . Then, the solution for (d 23 , θ 23 ), (d 45 , θ 45 ), (d 61 , θ 61 ) is obtained by solving the inverse problem for the spatial triangle (ε 2 , ε 4 , ε 6 ), using the method shown in section 3.3, and the direct problem for spatial triangles (ε 1 , ε 2 , ε 6 ), (ε 2 , ε 3 , ε 4 ) and (ε 4 , ε 5 , ε 6 ), using the method of Section 3.2. For example, the solution for θ 61 is the algebraic sum of three parts that come from the solution of the inverse problem of the spatial triangle (ε 2 , ε 4 , ε 6 ) and for the direct problem of triangles (ε 1 , ε 2 , ε 6 ) and (ε 4 , ε 5 , ε 6 ). We have that θ 61 is the algebraic sum of the angles between axes x 6 and x 46 , the angle between x 46 and x 26 and the angle between x 26 and x 1 (all measured about ε 6 ).
If the six unknown parameters are distributed among the eight belonging to four pairs of vertex parameters (for example, (d 23 , θ 23 ), (d 45 , θ 45 ), θ 56 and θ 61 ) then the lines of the four pairs define a spatial quadrilateral where all side parameters are known or can be calculated as in the previous example. The solution for the unknown parameters will be obtained by solving the inverse problem for the quadrilateral (ε 2 , ε 4 , ε 5 , ε 6 ) and the direct problem for some auxiliary spatial triangles.
Then the final solution for the unknowns is the sum of the partial solutions. In the same way when the six parameters to be determined are among the ten of five pairs of vertex parameters, such as (d 23 , θ 23 ), θ 34 , θ 45 , θ 56 and θ 61 , or among the twelve parameters of the six pairs such as θ 12 , θ 23 , θ 34 , θ 45 , θ 56 and θ 61 , a spatial pentagon and a spatial hexagon are formed, respectively, and the inverse kinematics of these polygons need to be solved.
The method for solving the inverse problems for the quadrilateral, pentagon and hexagon, when these polygons are described with Denavit and Hartenberg parameters and homogeneous matrices as in this paper, is exactly the same as solving, respectively, the inverse kinematics problem of a 4R2P, 5R1P and 6R manipulator. A general formulation for this has been developed by Roth (1993, 1995) .
The dual inverse problem requires calculating six parameters that belong to m pairs of side parameters when 4n-6 parameters of the polygon are specified. For example, for the hexagon shown in Figure 4 , an example of the dual inverse problem is to calculate (a 23 , α 23 ), (a 45 , α 45 ), (a 61 , α 61 ), when the other parameters are given. The solution to the dual inverse problem is exactly the same as for the standard inverse problem.
THE SCREW POLYGON 5.1 Definition and Notation
When a rigid body is moved to n consecutive positions, the n screws associated with the consecutive displacements: 1→2, 2→3, 3→4, ..., n-1→n and n→1 form a geometric figure which we call the screw n-gon. The screw n-gon consists of a spatial n-gon formed by the screw axes of the n screws and n pairs of additional parameters that give the rotation angles and translations of the screw displacements. These additional parameters make the analysis of the screw n-gon different from the analysis of its associated spatial n-gon. In Figure 5 , four positions of a rigid body are shown. Screw S 1 represents the displacement from A to B, S 2 from B to C, S 3 from C to D and S 4 from D to A. The screw quadrilateral is the closed geometric figure composed of the screw axes of S 1 , S 2 , S 3 , S 4 and their common perpendiculars. The wide arrow along the directed lines indicates that it is a screw, and therefore there are six parameters associated with each "line" of the screw n-gon, instead of the four for only a line.
There are two loop closure equations for the screw polygon. The first is the closure equation for the spatial n-gon formed by the screw axes:
where homogeneous matrices A ij describe reference system E j in reference system E i . 
where φ i and ρ i are the displacement parameters for screw S i , and cφ i =cos(φ i ) and sφ i =sin(φ i ). There are 6n parameters to fully describe the screw n-gon: 4n of them are the parameters which describe the associated spatial polygon (2n are side parameters and 2n are vertex parameters) and 2n are the screw displacement parameters. The two closure equations (10) and (11) yield twelve independent scalar constraint equations. Therefore, 6n-12 of the parameters are independent, and the other twelve are dependent on these parameters. The procedure for obtaining the twelve dependent parameters as functions of the 6n-12 independent parameters is called "solving the screw polygon." Just as for the spatial polygon two types of problems can be defined: the direct and the inverse problem.
Direct Problem
This problem consists of calculating the parameters of the resultant screw, i.e., the screw that brings the rigid body directly from the first position to the n th position if all other n-1 screws are specified. In screw polygon terminology this problem consists in calculating three adjacent pairs of vertex parameters, the two intermediate pairs of side parameters and the screw displacement parameter associated with the middle pair of vertex parameters. For example for the screw quadrilateral shown in Figure 5 , if we know S 1 , S 2 , S 3 and their common normals, the unknowns would be: (d 12 The screw triangle has an important peculiarity compared to the other screw polygons: it has the same number of unknowns as its associated spatial polygon: i.e., six, and therefore both the spatial triangle and the screw triangle have exactly the same solution. Geometrically, this is explained by the fact that each pair of vertex parameters of the spatial triangle associated with the screw triangle is half the screw displacement parameters of the corresponding screw (Roth, 1967.) θ 31 ) ) immediately gives the screw displacement parameters, since the vertex parameters are equal to: (ρ 1 /2, φ 1 /2), (ρ 2 /2, φ 2 /2), (ρ 3 /2, φ 3 /2). However in screw n-gons with n higher than three there is no direct correspondence between the vertex parameters of the associated spatial polygon and the screw displacement parameters. Therefore in general the solution to the direct problem of the screw polygon requires more information than is contained in the solution of its associated polygon.
In the literature (Tsai and Roth, 1971 , Bottema and Roth, 1979 , Roth, 1986 ) the screw polygon is solved by splitting the screw polygon into a chain of screw triangles. Consider for example the screw quadrilateral that is shown in Figure 6 . Two screw triangles are formed. The first triangle is composed of the screws (S 2 , S 3 , S 23 ) and the second of the screws (S 1 , S 23 , S 4 ). The screw S 23 represents the resultant displacement of screws S 2 and S 3 , i.e., from B to D. From the first triangle the parameters of S 23 are calculated and then from the second triangle those of screw S 4 . This method of solving the screw n-gon becomes complicated and computationally very expensive as n increases. Equation (11), written with n=4 for the screw quadrilateral, can be put into the following form if we use the result from Equation (10) The left-hand side of Equation (13), called here matrix U, depends only on known parameters: matrices A 23 and R 3 are composed of terms with only known parameters; matrix A 12 is composed also of two unknowns (d 12 , θ 12 ) but it can be shown that matrix A 12 -1 R 1 -1 A 12 is independent of these parameters. The right-hand side of Equation (13) has the form of a similarity transformation. If we consider only the rotation part of these homogeneous matrices, then from linear algebra it is known that under a similarity transformation the trace of a matrix is maintained. Then:
From Equation (14), cos(φ 4 ) is calculated, and using this, from element (3,3) of Equation (13), λ 34 is calculated and hence α 34 is determined. (Note: we actually have the square of λ 34 , which means there are two equal solutions of opposite sign. This leads to four values of α 34 , but in fact all solutions give exactly the same screw-axis line. For some of the solutions the screw points in the opposite sense, but for these the rotation and translation is also in the opposite sense, and hence all four solutions for α 34 lead to the same physical displacement. We use only the positive root for λ 34 and the corresponding value for α 34 which is between zero and π.) sin(φ 4 ) can be calculated from: sin(φ 4 )=(U(2,1)-U(1,2))/(2λ 34 ), and since we already know cos(φ 4 ), a unique value for φ 4 is obtained. From elements (3,1) and (3,2) of Equation (13), a linear system is obtained with unknowns s 34 and c 34 , from which one solution for θ 34 is found. From elements (4,1), (4,2) and (4,3) a linear system in a 34 , d 34 and ρ 4 is formed, and a unique solution for these unknowns is obtained.
Then Equation (10) is written in the form:
In this equation matrices A 34 -1 and A 23 -1 are completely known and matrix A 12 -1 is partially known because (d 12 , θ 12 ) have not yet been determined. However the elements of the third column of matrix A 12 -1 are independent of these unknown.
From element (3,3), λ 41 is calculated, and hence α 41 . As before only the positive solution is accepted. From elements (3,1) and (3,2) s 41 and c 41 are calculated, respectively, and a unique solution for θ 41 is found. From elements (4,1), (4,2), (4,3) a linear system in a 41 , d 41 and d 12 gives the values of these variables. Finally from elements (1,1) and (2,1), s 12 and c 12 are found, respectively, and one solution for θ 12 is determined.
The same exactly methodology can be applied in any screw n-gon. An interesting note is that using this new method for solving the screw polygon to solve the screw triangle yields a new proof, algebraic this time, that the vertex parameters of the spatial triangle associated with the screw triangle are indeed equal to one-half the screw displacement parameters (see Appendix 2.)
Inverse Problem
By analogy to the inverse problem for spatial polygons, the inverse problem for screw polygons can be defined. This problem consists of solving for a set of twelve parameters of the screw polygon, which are other than the set used when solving the direct problem. This type of problem has not been previously reported in the literature. Its solution can open new applications of the screw polygon theory in the area of kinematics and in other disciplines, such as robotics, that use this theory. In this section three different inverse problems of screw polygons will be formulated.
The direct problem is roughly stated as: "n sequential positions of a rigid body are given, find the resultant screw that correspond to the displacement from the first to the last of these positions." The inverse problem can roughly be stated as: "some parameters of the n sequential screws are given, find the other screw parameters and the n positions that correspond to these screws."
Equations (10) and (11) are the two closure equations for the screw polygon that provide the twelve scalar equations to solve for the unknowns. Both equations are functions of the spatial polygon parameters, but only Equation (11) is a function of the screw displacement parameters. So the screw displacement parameters can be calculated only from Equation (11), while the spatial polygon unknowns can be calculated from both equations. It is obvious that the maximum number of spatial polygon parameters that can be calculated is twelve, while the maximum number of screw displacement parameters is six.
We distinguish the following three types of inverse problems for screw polygons: a) Only spatial polygon parameters are unknowns.
Consider for example the screw quadrilateral. If only two pairs of the side parameters (a i , α i ) are defined for the spatial quadrilateral associated with the screw quadrilateral, and also all four pairs of screw displacement parameters are specified, then the twelve unknown parameters of the spatial polygon associated with the screw polygon (i.e., four pairs of vertex parameters and two pairs of side parameters) can be calculated using both Equations (10) and (11). b) Six spatial polygon parameters and six screw displacement parameters are unknowns.
This means that there is a decoupling in the solution: From Equation (10) the spatial polygon parameters can be calculated, solving in this case the inverse problem of the spatial polygon associated with the screw polygon, and then from Equation (11) the unknown screw displacement parameters can be obtained. For the screw quadrilateral this inverse problem could be stated as: four pairs of the side parameters and one pair of the vertex parameters are specified for the spatial quadrilateral, and one pair of the screw displacement parameters are given, then the other three pairs of vertex parameters for the spatial quadrilateral and the three screw displacement parameters can be determined. c) The unknowns are: k spatial polygon parameters with 6≤k≤12, and 12-k screw displacement parameters.
The solution to this case is coupled. Depending on which are the unknowns, either first Equation (11) is solved for the missing screw displacement parameters and some spatial polygon parameters, and then from Equation (10) the other spatial polygon parameters are determined, or first Equation (10) is used and then Equation (11). Just as for the inverse problem of the spatial polygon, it is worthy of future study to determine the exact number of solutions and singular cases for screw polygon problems, since this could lead to important physical understanding.
NUMERICAL EXAMPLE
Five screws that represent six sequential positions of a rigid body are defined. It is desired to find the resultant screw that brings the rigid body from the first to the sixth position. A reference system E 0 is defined arbitrarily in three dimensional space. The five screws are defined in E 0 with the following parameters: the coordinates of the direction of the screw axis, the coordinates of point O i , which is the intersection of the i th screw axis with the common perpendicular between axes i and i-1, and the screw displacement parameters. From these parameters the Denavit and Hartenberg parameters between the five screw axes are determined, using the method described in Appendix 1. Then the parameters of the sixth screw are found using the methodology in Section 5.2. These numerical results are given in Table 1 . 
CONCLUSION
The screw and spatial polygons have been presented in this paper as being abstract geometric and kinematic entities. A geometric and algebraic theory has been developed for these entities, independent of their problems of application. The next step is to find out how these theoretical results can be used in various applications where spatial and screw polygons are formed. Although the purpose of this paper has not been to examine this step, we would like to close by pointing out some of these directions and applications.
Spatial polygons are formed when studying kinematic problems in mechanisms and manipulators. In the inverse kinematics problem of mechanisms and manipulators the spatial polygon theory may lead to new and simpler solutions. Other problems that may be solved using spatial polygons are the study of overconstraint in mechanisms and the analytical determination of singular configurations in mechanisms. The study of overconstraint, in spatial polygon terminology, consists of finding the polygons for which the inverse problem has an infinity of solutions, which implies finding mobile spatial quadrilaterals, pentagons and hexagons (see also Mavroidis and Roth (1995a,b) ). The spatial polygon can be used to determine singular configurations in mechanisms and manipulators. In Mavroidis and Roth (1995c) virtual spatial polygons are formed from the mechanism joint axes. When the mechanism is in a singular configuration, one of the virtual polygons becomes mobile and satisfies special conditions from which it is possible to find values of the kinematic variables for which the mechanism is in a singular configuration.
Screw polygons, especially screw triangles, have already been used to study problems in theoretical and applied kinematics. The most important applications have been in the study of n positions of a rigid body, the study of incompletely specified displacements of a rigid body, the study of systems of screws and the synthesis problems of open-loop linkage chains. The insights into the analysis of the screw polygon, as presented in Section 5, can facilitate the study of the aforementioned kinematics problems. In addition new research problems in kinematics can now be formulated based on solving the inverse screw-polygon-geometry problem.
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APPENDIX 1: DENAVIT AND HARTENBERG PARAMETERS OF TWO LINES
It is desired to find the Denavit and Hartenberg parameters of ε j with respect to ε i ( Figure A1 .) We assume we know z i , z j , O i , P j and x i , and indicate how to compute α ij , x j , θ ij, a ij , d ij and d jk as follows:
Figure A1: Relative position of two lines
The cosine of the twist angle α ij is given by the inner product of z i and z j :
We define the positive sense of z j so that 0≤α ij <π. From equation (A1) there are two opposite sign solutions for α ij in the range -π to π. The positive sign of α ij is the solution that corresponds to the positive right-hand-rule rotation about the axis given by z i × z j and this is the solution that is used. (In going from the last axis back to the first axis, the positive sense of z j has been previously defined, and this last condition may result in α ij ≥ π .)
The unit vector x j along the common perpendicular of ε i and ε j is equal to:
The cosine of the rotation angle θ ij is given by the inner product of x i and x j : cos(θ ij ) = x i ⋅x j (A3)
Here we assume x j has been previously calculated, from Equation (A2). Equation (A3) has two opposite sign solutions in the range -π to π. We use the one for which the sign of θ ij is the same as the sign of (x i × x j ) . z i .
From Figure 
The inner product of Equation (A4) with x j gives a ij :
The scalar product of Equation (A4) 
The cosine of the rotation angle θ jk is given by the inner product of x j and x k : cos(θ jk ) = x j ⋅x k (A8) Equation (A8) has two opposite-sign solutions for θ jk in the range -π to π. The sign of θ jk in the solution that we use is the same as the sign of (x j × x k ) . z j .
Equations (A1)-(A8) degenerate when the lines are parallel. In this case the cross product of z i and z j is zero and x j can not be defined by Equation (A2). When the two lines are parallel, x j is given by :
x j = O i P j -( O i P j . z j )z j |O i P j -(O i P j . z j )z j |
Also, when the lines are parallel, d ij and d jk can not be uniquely defined by Equations (A6) and (A7), because the determinant of the linear system that is solved becomes zero. In this case one of these variables can be specified arbitrarily and then the other determined from (A4).
APPENDIX 2: HOW SOLVING THE SCREW TRIANGLE IS THE SAME AS SOLVING ITS ASSOCIATED SPATIAL TRIANGLE
In this appendix we will show, with an algebraic method, why in the spatial triangle associated with a screw triangle the vertex parameters are equal to one-half the screw displacement parameters.
Equation ( It can be shown that A ' 31 and A 31 have exactly the same form. Their only difference is that θ ' 31 =θ 31 -φ 3 and d ' 31 =d 31 -ρ 3 . All other parameters are equal. The third and fourth columns of the right-hand side of Equations (A10) and A(11) are independent of (θ 31 , d 31 ) and (θ ' 31 , d ' 31 ), respectively. Therefore the elements of these columns are equal in both equations. Element (3,3) of the left-hand side of Equation (A10) is equal to (-µ 12 µ 23 c 23 +λ 12 λ 23 ), and the same element in Equation (A11) is equal to (-µ 12 µ 23 c ' 23 +λ 12 λ 23 ). Since the right-hand sides of these elements are equal, these terms are also equal, and hence c ' 23 is equal to c 23 which means that:
θ ' 23 = θ 23 -φ 2 = ±θ 23 The positive solution gives the trivial case φ 2 =0, but the negative solution gives the case that θ 23 =φ 2 /2, which is a result that is usually proved using geometrical reasoning (Halphen, 1882) . In the same way from element (4,1) of both equations, it can be shown that d 23 =ρ 2 /2. The same relationships between all the vertex parameters of the spatial triangle and corresponding screw parameters of the screw triangle are obtained from Equations (A10) and (A11) by cyclic permutation of indices.
